We examine in detail a physically natural and general scheme for gradually deforming a Hamiltonian to its corresponding billiard, as a certain parameter k varies from one to infinity. We apply this limiting process to a class of Hamiltonians with homogeneous potential-energy functions and further investigate the extent to which the limiting billiards inherit properties from the corresponding sequences of Hamiltonians. The results are mixed. Using theorems of Yoshida for the case of two degrees of freedom, we prove a general theorem establishing the ''inheritability'' of stability properties of certain orbits. This result follows naturally from the convergence of the traces of appropriate monodromy matrices to the billiard analog. However, in spite of the close analogy between the concepts of integrability for Hamiltonian systems and billiards, integrability properties of Hamiltonians in a sequence are not necessarily inherited by the limiting billiard, as we show by example. In addition to rigorous results, we include numerical examples of certain interesting cases, along with computer simulations. © 1998 American Institute of Physics.
I. INTRODUCTION
The idea that a billiard system can be thought of as a limiting case of a Hamiltonian system has been known since Birkhoff suggested 1 see also Ref. 2 that one can obtain the elliptic billiard from the motion of a particle on the surface of a triaxial ellipsoid when one of the ellipsoid's semiaxes goes to zero. Unfortunately Birkhoff's example is unique and cannot be used to connect Hamiltonians to billiards in general. A method which promises to be more generally applicable was used by Dahlqvist and Russberg. 3 They examined the one-parameter family a sequence of Hamiltonians where for a1 Eq. 1 becomes the Hamiltonian with the quartic potential x 2 y 2 /2, while for a0, one obtains the hyperbola billiard. In the present paper we generalize the Dahlqvist-Russberg idea, discuss it in detail, and apply it to a class of two degree of freedom Hamiltonians with homogeneous potential-energy functions. In particular we investigate the extent to which the limiting billiards inherit properties from the corresponding sequences of Hamiltonians. We use some results of Yoshida [4] [5] [6] and prove a general theorem establishing the ''inheritability'' of the stability properties of straight-line periodic orbits.
In Sec. II we discuss the Hamiltonian to billiard scheme in general. In Sec. III we review certain results from Floquet-Liapunov theory and introduce the monodromy matrix for straight-line periodic orbits in the Hamiltonian, as well as the billiard case. In Sec. IV we review some of Yoshida's results on the stability of straight-line orbits and nonintegrability for homogeneous potentials of even positive integer degree. [4] [5] [6] In Sec. V we prove a number of results, and show that the trace of the monodromy matrix for a straight-line periodic orbit of the Hamiltonian sequence, in the limit as k→, is equal to the corresponding trace for the billiard. Finally, in Sec. VI, we investigate two examples and conjecture that Yoshida's trace formula gives correct results also for noninteger k in certain cases.
are obtained when V0 as in the k1 case. Thus the physical range of the variables x,y determined by V(x,y)E, and the physical range of the variables p x ,p y determined by V0, are independent of k.
In the following sections we shall consider potentials V(x,y) which are homogeneous of even degree m; thus Vx,y m Vx,y . 10
Let us rewrite Eq. 7 as follows:
It is a well-known fact 7, 4 that if the potential energy is a homogeneous function of the Cartesian coordinates, the scaling x,y→x,y, and t→t with a particular choice of (), amounts to a rescaling of the energy and vice versa. Therefore the energy E is not an essential parameter of the Hamiltonian and in particular it does not affect the integrability or the stability properties of the system. It is also true that the value of an overall constant factor of the potential energy, like h 1k in Eq. 11, cannot affect the integrability or the stability properties of the system, and in fact can be eliminated from the equations of motion by the reparametrization th 
Furthermore, if we evaluate ṗ n and ṗ t , using Eqs. 9 and 15, we obtain ṗ n kV k1 grad Vterms independent of k, 17
It follows from Eqs. 17 that on Q, when V1, and p n 0, lim k→ ṗ n and ṗ t 0, 18 as mentioned above recall that our normal is the inward normal. Figure 1 in Sec. VI shows the implications of Eqs. 18 graphically.
III. THE MONODROMY MATRIX
In order to investigate the stability of an orbit, one examines the behavior of the solutions of the so-called variational equations and the trace of the corresponding monodromy matrices. In general, to obtain the variational equations for a reference orbit "x(t),y(t)…, of H k , we let "x(t) x (t),y(t) y (t)… be a nearby orbit, where x and y measure the separation of the two orbits. Then the variational equations are given by i j V k,i j j 0, ix,y and j x,y. By a simple rotation of the vector ( x , y ) we obtain the variational equations for ( n , t ), the normal and tangential variations. As we shall show below the normal variational equation for any straight-line periodic orbit of our homogeneous potential may be put in the form of Hill's equation
where k (t) is defined by "x(t),y(t)… k (t)(x 0 ,y 0 ), with V(x 0 ,y 0 )1, and k is called the integrability coefficient. 6 We may rewrite Eq. where n and n are two independent solutions of Eq. 19, P(t) is a nonsingular matrix of periodic functions with the same period T as A(t), and B is a constant matrix whose eigenvalues are called the characteristic exponents of the system 20. Since tr A(t)0, the solutions of Eq. 20 are never asymptotically stable. The matrix, M (T)e BT is called the monodromy matrix for the system 20. The trace of M determines the stability of the system. When tr M 2, the system 20 is unstable and as a consequence, the periodic solution "x(t),y(t)… is also unstable.
Clearly, from Eq. 22, (T) P(T)M (T), so if we choose (0)I, where I is the identity matrix, we have that P(0) P(T)I, and therefore (T)M (T). We may then write n T n T M T n 0 n 0 .
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Consider now the billiard whose boundary is determined by V(x,y)1. The billiard map is given by
where s and p are the phase space coordinates for the billiard; s i is the arclength, and p i cos i is the tangential component of the momentum at the ith bounce. 
.
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In Eq. 27 01 is the length of the chord from (s 0 ,p 0 ) to (s 1 ,p 1 ), while K 0 and K 1 are the curvatures at (s 0 ,p 0 ) and (s 1 ,p 1 ), respectively. One should recall here that m 1,0 is the linearized map for one bounce, which corresponds to half the period of our periodic orbit. Likewise the period T appearing in M (T), Eq. 23, is the period of k mk2 which is half that of k . 4 We see that
The absolute value of tr m 1,0 determines the stability of the period 2 orbits for the billiard. If tr m 1,0 2, then the orbit is unstable. 8 A formula analogous to Eq. 28 was derived by Yoshida for the trace of the monodromy matrix in Eq. 23. We discuss it in the next section, as it applies to our sequence of Hamiltonians, and will compare it to Eq. 28.
IV. YOSHIDA'S THEOREMS, INSTABILITY, AND NONINTEGRABILITY
Yoshida, in a series of papers, [4] [5] [6] proved certain theorems relating to the stability of straight-line periodic orbits, and the nonintegrability of Hamiltonian systems with homogeneous potentials. We collect some results of Yoshida in the form of the two theorems below.
We consider a Hamiltonian system with two degrees of freedom, and a homogeneous potential of even positive integer degree mk. By the assumption of the homogeneity of the potential, Hamilton's equations have, in general, at least two straight line periodic solutions 6 see also Sec. V. The normal variational equation of such a solution is given by Eq. 19. Yoshida 5 has shown that k (t) has k independent periods in the complex t plane and thus we have k monodromy matrices. Under the above conditions we have the following theorem:
Theorem I: 4 The trace of any monodromy matrix M of the normal variational equation 19, is given by
The periodic solution "x(t),y(t)… k (t)(x 0 ,y 0 ), with k (0)1 and d k /dt(0)0, is unstable if tr M 2. Yoshida 5 also proved, for the type of system under consideration, that under certain conditions, the existence of an exponentially unstable straight-line periodic solution implies the nonintegrability of the system, i.e., the nonexistence of an additional global analytic first integral. We now summarize some arguments of Yoshida 5 based on results of Ziglin, 9 in the form of Theorem II below. Theorem II: 5 If a Hamiltonian with two degrees of freedom and a homogeneous potential of even positive degree has a straight-line periodic solution for which the trace of the monodromy matrix is greater than 2, then the Hamiltonian system is nonintegrable.
V. THE GENERAL HOMOGENEOUS CASE
We consider again the class of non-negative smooth homogeneous potentials with even degree m. We assume that the physical region Q(x,y)V(x,y)1 is compact with nonvanishing gradient on the boundary. It follows from homogeneity that the gradient is nonvanishing in Q except at the origin. As before we let
Since Q(x,y)V(x,y)1 is compact and smooth, there is a point, say (x 0 ,y 0 ), on Q closest to the origin, and this point has nonvanishing gradient proportional to the vector from the origin to (x 0 ,y 0 ). From the homogeneity of V the same is true for the point (x 0 ,y 0 ) on Q. 
we get from the homogeneity of V.
We have that 1 is a solution of 
where V k is the Laplacian of V k .
Proof: Equation 40
follows from differentiating Eqs. 39 and 37 with respect to t, using the chain rule, and comparing terms. Equation 41 follows from Eq. 40, the fact that the sum of the eigenvalues of HessV k equals its trace, and the symmetric matrix HessV k has an orthogonal basis of eigenvectors.
Let "x(t),y(t)… and "x(t) x (t),y(t) y (t)… be neighboring solutions for the position coordinates of the equations of motion 2 y 0 2 )m0, the traces of the monodromy matrices, for the normal variational equations corresponding to the straight-line periodic orbit whose trajectory is the line segment from (x 0 ,y 0 ) to (x 0 ,y 0 ), converge, as k→, to the trace of the matrix m 1,0 for the limiting billiard.
c If a(x 0 2 y 0 2 )m0 and V(x 0 ,y 0 )a 2 (x 0 2 y 0 2 ), then the straight-line periodic orbit whose trajectory is the line segment from (x 0 ,y 0 ) to (x 0 ,y 0 ) is an unstable orbit for H k , and H k is nonintegrable for all finite sufficiently large k. This orbit is also unstable for the limiting billiard.
d If a(x 0 2 y 0 2 )m0, then the straight-line periodic orbit whose trajectory is the line segment from (x 0 ,y 0 ) to (x 0 ,y 0 ) is an unstable orbit for H k for all finite sufficiently large k.
Proof: Part a follows immediately from Eq. 53. Using Eqs. 54 and 58 in Eq. 56 and then substituting the result in Eq. 57 we obtain tr m 1,0 221 . 59
If, say, x 0 0 but y 0 0, then we must have V x (x 0 ,y 0 )0 and V y (x 0 ,y 0 )0, and we obtain again Eq. 59; likewise if y 0 0 and x 0 0. Part c follows from the fact that 1 and that for k sufficiently large tr M 2 by Eq. 55. We then use Theorem II and the comments following Eq. 28.
Part d follows from Eq. 55, the arguments for part c, and the fact that k diverges to infinity. Remark: It is easy to show by direct calculation that for straight-line periodic orbits along the x and y axes of a polynomial potential, VA 0 x m A 1 x m1 y¯A m y m , m even integer, a(x 0 2 y 0 2 )m0, and thus k is independent of k. The same is true for all straight-line periodic solutions of potentials of the form x m y m , m even integer.
VI. THE ELLIPTIC CASE
As an example we now consider the potential energy
which is homogeneous of degree m2 and thus satisfies the conditions in Theorem III. The Hamiltonians in our sequence are
where We shall refer to the solutions of Eqs. 63 and 64 as the long and short straight-line periodic solutions, respectively. For the long straight-line periodic solution x 0 &, y 0 0, and so from Eqs. 54 and 53 we find that a1 and k . By Theorem III b we have that lim k→ tr M 2(2 1)tr m 1,0 . Since 1, it follows by Theorem III c that for all k sufficiently large the long straight-line periodic orbit is unstable, and H k , Eq. 61, is not integrable. For the short straight-line periodic orbit we have that x 0 0, y 0 2/, a, thus k 1/, and
In this case we find that lim k→ tr M 22/1 tr m 1,0 . Clearly, 22/12, for 1, and one can easily show that in this case tr M 2 for all k1, which suggests that the short straight-line periodic orbit is always stable. Hence one would expect that none of the Hamiltonians in our sequence is ergodic, which is consistent with the nonergodicity of the limiting billiard.
From the above considerations we see that the instability of the long straight-line periodic orbit and the stability of the short straight-line periodic orbit are properties that are inherited by the elliptic billiard from the approximating sequence of Hamiltonian systems. The long straight-line periodic orbit of the elliptic billiard is indeed unstable. 1, 8 although the elliptic billiard is integrable.
Liouville integrability in an n degree of freedom Hamiltonian requires the existence of n single-valued, independent integrals of the motion in involution, which completely determine all the invariant tori Lagrangian submanifolds in the 2n-dimensional phase space. Likewise an integrable billiard possesses a conserved quantity which determines all the invariant curves in the billiard global section. 8 In the case of the elliptic billiard a discussion of integrability in terms of a Hamiltonian formulation and action-angle variables was given by Kozlov and Treshchëv; 2 this approach works only for the special cases where the billiard can be written as a Hamiltonian with separable coordinates which is very rare. In our case, the Hamiltonian sequence is nonintegrable for kk 0 , while at k the elliptic billiard is integrable. Thus in general, nonintegrability is not an inherited property in the Hamiltonian sequence.
We show in Fig. 1 The expression for the trace of the monodromy matrix Eq. 29 was derived by Yoshida for the case where the homogeneity parameter k is an integer, however, our numerical analysis by means of Poincaré sections strongly suggests that Eq. 29 is valid for all k at least for certain potentials V(x,y) which are homogeneous of even positive integer degree. In the case of the long straight-line periodic orbit for the elliptic Hamiltonian, k , and Eq. 29 becomes
We present a typical set of Poincaré sections. We let 53/16.87... . Figure 2 is a plot of the functions cos(/2k)(k1) 2 4k and cos(k1)(/2k) appearing in Eq. 67.
As can be seen from Fig. 2 , the long straight-line periodic orbit does the stable→unstable, unstable→stable transition several times at every point that the numerator cosine intersects the monotonic denominator cosine of Eq. 67. The values of k at which these intersections occur can be easily As an additional example we consider the homogeneous potential of degree m4
The potential of Eq. 68 was shown to be integrable, 10 and like the elliptic one, it has two straight-line periodic orbits along the x and y axes. In this case m4, k 6, and the trace of the monodromy matrix, Eq. 29, for the periodic orbit along the x axis becomes tr M 2 cos/4k 2k1 2 48k
cos2k1 /4k . 70
Using Eq. 70 we find that the periodic orbit along the x axis undergoes a stable→unstable bifurcation at k1.75. This is verified numerically in the Poincaré sections shown in Figs. 5 and 6.
VII. CONCLUDING REMARKS
Our results provide comparisons of properties of billiards to ''nearby'' Hamiltonian systems and may therefore be viewed in loose analogy to Kolmogorov-Arnold-Moser theory, which considers the inheritability of properties of a given Hamiltonian to nearby Hamiltonians. In our case, the space of Hamiltonians is restricted to those with homogeneous potentials of the type we considered, but the space also includes billiards which may be viewed as highly singular Hamiltonians. There are several avenues open to further research. One could study the behavior of other non-straightline periodic orbits from a sequence of Hamiltonians to a limiting billiard. Hamiltonians in the ''tail'' of our sequences behave like billiards with ''soft'' walls and they have interest in their own right. A different direction would be to investi- gate alternative deformations of Hamiltonians to billiards. In this way one might be able to establish theorems linking the properties of nearby Hamiltonians to each other when they are in the ''tails'' of different sequences converging to the same billiard. The generalization of our results to Hamiltonians with more than two degrees of freedom along with the limiting higher dimensional billiards is another avenue for further research.
